We have theoretically investigated the effects of self-phase-modulation on multiphoton nonlinear optical processes in semiconductors, utilizing multiple-order perturbation theory based on a set of coupled nonlinearwave equations. Our results clearly demonstrate that the self-phase-modulation in the fundamental field induces spectral broadening in the harmonic fields ͑cross-phase modulation͒ and alleviates phase mismatch by providing a distribution of wave vectors. These results are consistent with our recent observation of extreme nonlinear optical behavior in bulk semiconductors under intense mid-infrared radiation.
I. INTRODUCTION
Self-phase-modulation ͑SPM͒ is a fundamental nonlinear optical process, which, in combination with self-focusing, is known to lead to dramatic continuum generation when a high-intensity ultrafast laser pulse is focused into a stable filament ͓1͔. This extreme case of SPM has been observed in many different types of materials and gases ͓2,3͔ and is used for generating ultrafast radiation outside the conventional spectral range of ultrafast lasers for various applications ͓4͔.
Although there have been a number of studies on SPM and continuum generation ͓5-7͔, the effect of SPM on multiphoton processes is less well understood ͓8͔.
In this paper, we theoretically study the effect of SPM on multiple-order nonlinear optical processes. Specifically, we investigate multiple-harmonic generation and ͑off-resonance͒ multiple optical sideband generation processes that have recently been observed in bulk semiconductors strongly driven by intense mid-infrared ͑MIR͒ laser pulses ͓9͔. Multiple-harmonic generation in gases, liquids, and solid surfaces in both perturbative and nonperturbative regimes has been well explored ͓10-13͔, but there have been few studies in bulk solids. The importance of SPM via crossphase-modulation ͑XPM͒ in harmonic generation ͓8,14,15͔, wave mixing ͓16͔, and pairs of copropagating beams ͓17͔ has been considered, but the importance of SPM in multipleorder nonlinear processes has not been fully addressed, to our knowledge.
We have developed a multiple-order perturbation theory based on a set of coupled nonlinear-wave equations. We find that spectral broadening in the harmonic fields occurs due to XPM, i.e., spectral broadening of the fundamental beam being mapped onto the harmonic during propagation ͓18͔. We also find that multiple-sideband generation and multipleharmonic generation are significantly enhanced by SPM. This is because the additional bandwidth in the fundamental due to SPM provides a distribution of wave vectors, which in turn help alleviate any strong thickness dependence due to phase mismatch. Our numerical simulations agree well with the observations in Ref. ͓9͔. This paper is organized as follows. The theory used to describe multiple-order nonlinear processes in the presence of SPM is described in Sec. II. In that section, we first develop the coupled nonlinear-wave equations using multipleorder perturbation theory ͑Sec. II A͒ and analyze harmonic spectral broadening ͑Sec. II B͒. We then consider multipleorder nonlinear phenomena in the presence of SPM for the case of harmonic generation ͑Sec. II C͒ and for the case of off-resonance sum and difference frequency generation, which we call sideband generation ͑Sec. II D͒. Comparison of the theoretical results with the experiments is shown in Sec. III, and conclusions are stated in Sec. IV.
II. THEORY

A. Nonlinear-wave equation
Our theoretical study of multiple-order nonlinear-optical phenomena is based on the standard nonlinear-wave equation formalism ͓19͔. For the pulse propagation of a field A j , with frequency j , the wave equation is
In Eq. ͑2.1͒ we have used the slowly varying envelope approximation for the field E j ϭA j exp͓i(k j zϪ j t)͔ϩc.c., where k j ϭn 0 ( j ) j /c, and for the nonlinear polarization
We first study the propagation of the fundamental field (E 1 , 1 ) which propagates through a nonlinear medium with an index of refraction that depends on intensity by means of the third-order contribution of the nonlinear polar-
where n 2 ϵ3 (3) /(2n 0 ) is the nonlinear index of refraction. Equation ͑2.2͒ represents a pulse whose intensity does not change but whose phase changes during propagation. This phase shift occurs due to SPM, and the amount of phase shift 1 after a distance L is given by
͑2.3͒
Since the intensity ͉A 1 ͉ 2 varies throughout the pulse (͉A 1 ͉ 2 is a function of ), various parts of the pulse undergo different phase shifts, leading to a frequency shift. We assume the boundary condition for the fundamental field to be A 1 (0,t) 2 ϭA 0 2 /cosh(t/T), where T is related to the pulse duration ⌬ by Tϵ⌬/͓2 arccosh(2)͔, and A 0 to the pulse intensity I 0 by A 0 2 ϵ4 arccosh(2)I 0 /(n 0 c). After the pulse travels a distance L in the medium, the difference between its instantaneous optical frequency ͓at time tϩL/(c/n 0 )͔ and the carrier frequency 1 is obtained by differentiating the phase shift with respect to t ͓20͔:
Assuming n 2 Ͼ0, the instantaneous frequencies in the leading half of the pulse are lowered, whereas those in the trailing half are raised. The total frequency excursion is 2(␦ 1 ) max ϭ4n 2 1 LA 0 2 /(cT).
B. Harmonic spectral broadening
In this section, we study how the spectral broadening in the harmonic field takes place. We consider third-harmonic generation induced by the fundamental field via the thirdorder nonlinear susceptibility, since all media have nonzero (3) . Its corresponding third-order nonlinear polarization is given by
where A 3 is the third-harmonic field ( 3 ϭ3 1 ) and ⌬k ϵk 3 Ϫ3k 1 the phase mismatch. We approximately solve the propagation of the harmonic field (A 3 ), taking into account that ͉A 1 ͉ 2 ӷ͉A 3 ͉ 2 so that we can neglect the smallest term of the nonlinear polarization, 3͉A 3 ͉ 2 A 3 . Then, using the fundamental field A 1 calculated in Sec. II A, we solve the propagation equation of the third-harmonic field
The wave equation is a linear differential equation, whose solution at zϭL is
The intensity of the third harmonic is modulated by the phase of the fundamental field, ͉A 3 ͉ 2 ϰ1Ϫcos(3 1 ϩ⌬kL). Thus, the third-harmonic pulse ͑when 1 Ӎ0) suffers a modulation as well as spectral broadening due to SPM. As we will see in the numerical example given below, this intensity modulation of the harmonic is evident as a slow modulation of its energy spectrum. The third-harmonic pulse also experiences a phase shift 3 induced by the SPM of the fundamental field
After the pulse has traveled a distance L in the medium, the difference between its instantaneous optical frequency and the carrier frequency 3 is ␦ 3 ϭ(9/2)␦ 1 . Therefore its relative frequency shift is 
͑2.9͒
This shows that the relative frequency shift of the harmonic field is greater than the fundamental frequency shift, with the total frequency excursion for the harmonic field given by 2(␦ 3 ) max ϭ(9/2)2(␦ 1 ) max . The broadening found in the harmonic field is due to the spectral broadening of the fundamental beam, generated by SPM, being mapped onto the harmonic during propagation via XPM, i.e., no significant SPM due to the harmonic beam itself is generated.
Numerical example
Let us consider a high intensity (I 0 Ӎ10 11 W/cm 2 ) using ⌬ϭ200 fs pulses at 1 ϭ3.5 m in an Lϭ350 m thick crystal. The linear index of refraction and the nonlinear susceptibility used are shown in Table I . Figure 1͑a͒ shows the calculated third-harmonic intensity using the parameter stated above. Here we see how the SPM modifies the pulse shape of the third harmonic. This intensity modulation is induced by the changing phase of the fundamental field due to SPM. Figure 1͑b͒ shows the calculated relative frequency shift for both fields, the fundamental field ͑dotted line͒ and the third harmonic ͑solid line͒. Due to this time-varying phase, the spectrum of the transmitted pulse is modified, with more broadening occurring in the third-harmonic ͓see Eq. ͑2.9͔͒. This is clearly seen in Fig. 1͑c͒ , which shows the spectral content of the transmitted pulse calculated using 
͑2.10͒
The dotted line in this figure corresponds to the case without SPM and is shown to highlight the spectral broadening due to SPM. Figure 2 shows the energy spectrum in the third harmonic and its total energy versus thickness, with and without SPM. The two cases follow different phasematching behavior, as will be addressed in next subsection. Since SPM is a nonlinear process, the espectral broadening should be strongly intensity dependent. Figure 3 shows the energy spectrum in the third harmonic for both intensities I 0 and I 0 /2. We find that both the overall spectral width and the intensity of the peaks become smaller as the pulse intensity decreases.
C. Multiple-harmonic generation
The previous subsection highlighted the effect of XPM on a single harmonic. Here we analyze the multiple-harmonic generation with XPM. We assume that the primary mechanism responsible for harmonic generation is the direct process, so that all of the cross terms are negligible. Then, the nonlinear polarization for the harmonic field A j ( j ϭ2,3, . . . ) at frequency j ϭ j 1 is related to the fundamental field A 1 by 
where ⌬k j ϭk j Ϫ jk 1 is the phase mismatch and ( j) is the jth-order nonlinear susceptibility. Introducing Eq. ͑2.2͒ into Eq. ͑2.11͒, we can solve the propagation equation for the harmonic field ͓Eq. ͑2.1͔͒ after a distance L,
where sinc(x)ϵsin(x)/x. This solution predicts that harmonics have the standard perturbative behavior with the fundamental intensity: ͉A j ͉ 2 ϰ͉A 1 ͉ 2 j . In order to understand the role played by XPM in harmonic generation, we first review the case without SPM in the fundamental, i.e., 1 Ӎ0. In this case, the harmonic intensity is proportional to the well known function sinc 2 (⌬k j L/2). The distance where the polarization wave at j and light wave at j remains in phase synchronism is called the interaction length ͑or coherence length͒, and is defined as l c ϵ/(k j Ϫ jk 1 )ϭ 1 /͓2 j͉n 0 ( j )Ϫn 0 ( 1 )͉͔ ͓20͔. We see that l c ϰ 1 and thus longer wavelengths generally lead to larger interaction lengths. When this distance is much shorter than the thickness of the sample, a large phase mismatch occurs, and the intensity becomes very sensitive to the sample length, as illustrated in Fig. 4͑a͒ . This leads to a strong reduction of the harmonic fields if the sinc function is close to zero. However, if we consider SPM in the fundamental, the argument of the sinc function will be equal to (⌬k j LϪ j 1 )/2 ͑due to XPM͒, instead of (⌬k j L/2). Consequently, SPM aids phase matching by generating a large distribution of wave vectors, which averages out any destructive interference. An example of how much influence SPM can have on the phase matching is shown in Fig. 4͑b͒ . Therefore, the additional bandwidth in the fundamental due to SPM alleviates any strong thickness dependence due to phase mismatch by providing a distribution of wave vectors, as is seen in Fig. 2 .
Numerical example
To demonstrate the effect of XPM, consider a ⌬ϭ1 ps pulse with a peak intensity I 0 Ӎ2ϫ10 10 W/cm 2 at wavelength 1 ϭ3.5 m. The linear index of refraction and the nonlinear susceptibilities used are shown in Table II . Using these parameters, the estimated interaction length for generating harmonics is on the order of 20 m. For a 1 mm thick sample this leads to a large phase mismatch. Figure 4͑a͒ shows the standard sinc function ͑without SPM͒ versus the thickness ͑L͒ for different harmonics. Around LӍ768 m the third, fourth, and fifth harmonics are strongly suppressed due to phase mismatch between the fundamental and the harmonics. We calculate the energy spectrum
for both cases, with and without SPM at Lϭ768 m. Plotted in Fig. 5 is the resulting energy spectrum, which demonstrates that multiple harmonics do not appear for this case without SPM. In order to show how SPM alleviates any strong thickness dependence of the phase matching we plot in Fig. 4͑b͒ the sinc function around the third-harmonic position. As we can see in this figure, the sinc function is close to a zero for the third-harmonic phase matching. However, the SPM provides a distribution of wave vectors that averages out any destructive interference ͑see Fig. 2 for this ef- FIG. 4 . ͑a͒ Plot of the phase matching condition ͑without SPM͒ versus ZnS thickness for the different harmonic fields: second harmonic ͑dotted and dashed line͒, third harmonic ͑dotted line͒, fourth harmonic ͑solid line͒, and fifth harmonic ͑dashed line͒. ͑b͒ Plot of the phase matching condition for third-harmonic generation for the conditions mentioned in the text. The values correspond to the cases without SPM, xϭ⌬k 3 L/2, and the maximum change when SPM is considered, xϭ⌬k 3 L/2Ϫ3 1max /2, are shown. The whole range of phase matching between these points is achieved when SPM occurs, thereby averaging out the effect of phase mismatch. fect in GaAs͒. This allows the generation of multiple harmonics to occur more easily, as seen in Fig. 5 . An interesting situation occurs when we consider the zero dispersion limit, i.e., ⌬k j Ӎ0. In this case, there is a phase mismatch generated by SPM and therefore the intensity of the harmonics generated with SPM will decrease with respect to the case without SPM ͑although the spectrum is broader with SPM͒. This is shown in Fig. 6 , where we plot the calculated third-harmonic energy spectrum with and without SPM assuming zero dispersion.
D. Multiple-sideband generation
Another nonlinear phenomenon that can be affected by SPM is sideband generation, i.e., sum and difference frequency generation. In this subsection, we study the optical sidebands generated when the fundamental field A 1 ͓Eq. ͑2.2͔͒ and a probe pulse A p ͑frequency p ) overlap. We consider a probe pulse as follows: A p (z,) 2 ϭA 0p 2 /cosh(/T p ), where T p ϵ⌬ p /͓2arccosh(2)͔, with ⌬ p the pulse duration, and A 0p 2 ϵ4 arccosh(2)I 0p /(n 0 c), with I 0p the pulse intensity. The two fields propagate with a small relative angle . If we take the fundamental field in the propagation direction, i.e. the z axis, the probe wave vector direction is given by k ជ p ϭk p ͓cos()ẑϩsin()x͔. We analyze the sum and difference frequencies ( Ϯ1 ϭ p Ϯ 1 ), and higher-order wave mixing ( Ϯ j ϭ p Ϯ j 1 ). The corresponding nonlinear polarization for these processes is
͑2.14͒
where
is the phase mismatch. Using this nonlinear polarization ͓Eq. ͑2.14͔͒ we solve the wave equation ͓Eq. ͑2.1͔͒ after a distance L,
This solution gives the standard perturbative behavior, i.e., Ϯ1 (Ϯ2) photon sidebands are linearly ͑quadratically͒ dependent on the fundamental intensity, ͉A Ϯ j ͉ 2 ϰ͉A 1 ͉ 2 j , and linearly dependent on the probe intensity, ͉A Ϯ j ͉ 2 ϰ͉A p ͉ 2 . As with multiple-harmonic generation, the SPM avoids any strong thickness dependence due to phase matching in the sideband generation.
Numerical example
Let us consider the following parameters: a probe pulse ( p ϭ0.8 m) with peak intensity I p Ӎ1ϫ10 9 W/cm 2 and ⌬ p ϭ1 ps, interacting with a ⌬ϭ1 ps pulse of wavelength 1 ϭ3.5 m with peak intensity I 0 Ӎ2ϫ10 10 W/cm 2 . The angle between the probe and the fundamental field is ϭ10°. The linear index of refraction and the nonlinear susceptibilities used are shown in Table III . The effective length is Lϭ489 m, which is the length over which the beams are crossed on the sample. In order to show the sideband generation we calculate the energy spectrum 
͑2.17͒
for both cases, with and without SPM. As we can see in Fig.  7 , the sidebands are strongly affected by the phase matching effect when the SPM is not taken into account.
III. COMPARISON WITH EXPERIMENTAL MULTIPLE-ORDER NONLINEAR OPTICAL PHENOMENA
In this section, we compare the theoretical results with recent experiments in multiple-order nonlinear optical phenomena induced by intense MIR pulses in semiconductors ͓9͔. In this work, we observed both multiple harmonics and multiple sidebands. In addition, we observed unusual spectral modulation in a harmonic under high-intensity conditions, which is not directly addressed by the theory stated above. FIG. 7 . Theoretical energy spectrum of the total field corresponding to multiple-sideband generation in ZnSe, with and without SPM.
FIG. 8. ͑a͒
Optical sidebands in polycrystalline ZnSe ͑3 mm thick͒ generated when a MIR pump pulse (Ӎ1 ps) and a 800 nm ͑1.55 eV͒ probe pulse ͑dotted curve͒ are overlapped. The sidebands generated by 3.5 m ͑gray curves͒ and 6.2 m ͑black curves͒ MIR are shown. ͑b͒ Theoretical energy spectrum of the total field corresponding to the optical sideband generation for the same parameters. In the previous experimental work ͓9͔, we observed multiple MIR harmonics below the band edge in semiconductors. Figure 9͑a͒ shows the multiple harmonics observed in polycrystalline ZnS ͑2 mm thick͒ using 3.5 m ͑0.35 eV͒, Ӎ1 ps MIR pulses with a peak intensity of Ӎ2 ϫ10 10 W/cm 2 . The estimated phase matching interaction length taking into account the dispersion ͑using values in Table II͒ ranges from Ӎ60 m for the second harmonic to Ӎ5 m for the fifth harmonic and are much shorter than the thickness of the samples ͑Ӎ1 mm͒. This should lead to a strong dependence on the phase mismatch that leads to a strong dependence on sample thickness. However, this strong dependence is alleviated by SPM, as discussed above. The theoretical spectrum corresponding to these experimental values is shown in Fig. 9 neglecting SPM ͓Fig. 9͑b͔͒ and taking SPM into account ͓Fig. 9͑c͔͒. Good agreement between the calculations with SPM and the data is obtained. We see how the fourth harmonic is not present in the energy spectrum when SPM is not taken into account. That means that the mismatch for the fourth harmonic, ⌬k 4 L/2, is close to a zero of the sinc function. This strong reduction of the harmonic is alleviated by the additional phase matching generated by SPM. Up to the maximum MIR intensity using the picosecond pulses, the second, third, and fourth harmonics are measured to have quadratic, cubic, and quartic dependence with the MIR intensity, respectively. This is the standard perturbative behavior predicted by the theoretical model, even under these high-intensity conditions.
In addition to multiple harmonics, we also observed multiple sidebands by measuring the near-infrared ͑NIR͒ spectrum after mixing of intense NIR and MIR beams in a semiconductor ͓9͔. As shown in Fig. 8͑a͒ the NIR probe pulse spectrum ͑1.55 eV͒ is significantly modified to possess sidebands that are spaced by the MIR photon energy. The two sets of data in Fig. 8͑a͒ were obtained in polycrystalline ZnSe ͑effective length LӍ500 m at ϭ10°͒ using Ӎ1 ps pulses of either 3.5 m wavelength ͑0.35 eV͒ with peak intensity of Ӎ2ϫ10 10 W/cm 2 or 6.2 m wavelength ͑0.22 eV͒ with peak intensity of Ӎ3ϫ10 9 W/cm 2 . The theoretical spectrum corresponding to this case ͑using values of Table  III͒ is shown in Fig. 8͑b͒ . Good agreement between the calculations and the data is obtained. The Ϯ1 ͑Ϯ2͒ MIR photon sidebands are linearly ͑quadratically͒ dependent on the MIR intensity up to the maximum MIR intensity used in these experiments, following the perturbative behavior expected by our theoretical model. Also, all of the sidebands are linearly dependent on the NIR intensity. From Fig. 8͑a͒ or 8͑b͒ , we can see that the sidebands generated by both MIR fields ͑3.5 m and 6.2 m͒ have similar intensity values. This may be surprising, because the 6.2 m pulse intensity is close to one order of magnitude smaller than the 3.5 m pulse. However, the intensity value in the energy spectrum of each sideband depends on the phase matching condition. Thus, the longer wavelength ͑6.2 m͒ allows better phase matching, which compensates for the smaller pulse intensity.
The data presented above is consistent with our theoretical model. However, with higher MIR intensity (Ӎ10 11 W/cm 2 ) using Ӎ200 fs pulses at 3.5 m, an interesting broadening with spectral modulation of MIR harmonics was also observed ͓9͔. Shown in Fig. 10 is the harmoniccontinuum generation in the third harmonic in a GaAs͑100͒ crystal ͑350 m thick͒. If we compare the previous theoretical calculation of the spectral broadening of the third harmonic ͑see Fig. 3͒ with the experiment we see that the spec- FIG. 9 . ͑a͒ MIR harmonics in polycrystalline ZnS ͑2 mm thick͒ using 3.5 m, Ӎ1 ps MIR pulses. Theoretical energy spectrum of the total field corresponding to the MIR harmonics, ͑b͒ without and ͑c͒ with SPM, for the same parameters. tral broadening is qualitatively reproduced. However, the calculations fail to explain the periodic spectral modulation. It has been observed that an ultrafast pulse undergoes pulse splitting for input powers that are above a critical power ͓6,21͔. This effect is a combination of self-focusing and group-velocity dispersion and is thought to arrest catastrophic self-focusing. Therefore, we perform calculations for this higher intensity and shorter MIR pulse, assuming that the fundamental MIR pulse consists of two temporally separated pulses:
͑3.1͒
where 2t 0 is the pulse separation and r the ratio between the two peaks. Assuming the fundamental pulses are separated by t 0 Ӎ⌬ϭ200 fs with a ratio rӍ1.55, the calculation qualitatively matches the experimental data, as shown in Fig. 11 . A smaller pulse splitting effect is expected as the intensity decreases. Therefore, we assume for the smaller intensity case, I 0 /2, a pulse separation t 0 Ӎ182 fs. In agreement with the experiment the frequency shift becomes smaller as the pulse intensity decreases while the periodicity of the peaks increases as the intensity decreases. The spectral modulation is due primarily to pulse splitting in the fundamental, which translates into pulse splitting in the third harmonic. Spectral interference between the time separated pulses (Ӎ400 fs between third-harmonic pulses at intensity I 0 ) produces the periodic spectral modulation. The asymmetry in the two peaks produces modulation in the energy spectrum that does not reach zero. The resulting spectral width in the third harmonic is due to SPM in the fundamental being mapped onto the third harmonic via XPM. The spectral modulation is due to spectral interference from each of the split pulses in the third harmonic, formed from the split pulses in the fundamental during propagation. This result suggests that this process is a result of self-phase-modulation and pulse splitting in the fundamental in combination with good phase matching to generate the third harmonic.
IV. CONCLUSIONS
We used a multiple-order perturbation theory based on the set of coupled nonlinear wave equations to describe the effect of self-phase-modulation on multiple-order nonlinear phenomena. We found that SPM induced in the initial field can play an important role in the phenomena. For example, we found that spectral broadening occurs in the harmonic fields and is due to the spectral broadening of the fundamental beam being mapped onto the harmonic during propagation via cross-phase modulation. We also found that SPM alleviates phase mismatch in multiple harmonic generation and multiple off-resonance optical-sideband generation in the presence of SPM. This occurs because additional bandwidth in the fundamental due to SPM provides a distribution of wave vectors that aids in the generation of multiple harmonics or sidebands. We also found that SPM could lead to a harmonic or sideband bandwidth larger than what is usually expected.
We compared the theoretical results with recent experiments in multiple-order nonlinear phenomena induced by intense mid-infrared pulses in semiconductors. We obtained good agreement between the calculations and the experimental data under most of the conditions explored. In order to reproduce the spectral modulation and broadening found in harmonics at higher intensity with subpicosecond MIR pulses, we had to assume temporal separation ͑or pulse splitting͒ in the fundamental MIR occurs, which is expected to occur under those experimental conditions. 
